Abstract-Regulation of exercise intensity is important for aerobic training and for exercise testing. Automatic control of oxygen uptake therefore has potential for use in exercise prescription and in tests to establish markers of cardiopulmonary status. The aim of this study was to investigate the feasibility of automatic feedback control of oxygen uptake during submaximal treadmill exercise. Six healthy male subjects aged 36.0 12.2 years (mean standard deviation) ran on a computer-controlled treadmill while oxygen uptake was measured in real time using a breath-by-breath cardiopulmonary monitoring system. Linear dynamic models of oxygen-uptake response to changes in treadmill speed were obtained empirically using least squares optimization, and the models subjected to a cross-validation procedure. This resulted in selection of a first-order model with a time constant of 47 s. This model was used to design linear feedback controllers with a range of closed-loop bandwidth specifications. When implemented, each controller continuously monitored oxygen uptake and adjusted the commanded treadmill speed in real time in order to track a prespecified oxygen uptake profile. A series of closed-loop control tests illustrate that a single, fixed-parameter controller designed using a dynamic model from just one subject is robust enough to provide satisfactory control of a desired oxygen uptake profile for all subjects tested. Our results confirm the feasibility and robustness of automatic feedback control of oxygen uptake during treadmill exercise. Feedback regulation of exercise intensity via oxygen uptake may contribute to prescription of optimal training and testing programmes.
I. INTRODUCTION
T HE regulation of exercise intensity is important for aerobic training and for exercise testing. Automatic control of oxygen uptake therefore has the potential for use in exercise prescription and in tests to establish the key markers of cardiopulmonary status.
The main components of an aerobic training program are mode, frequency, duration, and intensity. Intensity is considered to be a very important variable for a number of reasons. It has been shown that high-intensity exercise elicits much greater improvements in aerobic power compared with low-intensity exercise [1] . Maintenance of aerobic fitness using high-intensity training is much more effective than low intensity [2] . However, high-intensity training is likely to result in a greater incidence of injury, subjective discomfort, and lower adherence to an exercise program. In addition, high-intensity training has the potential to promote health problems in subjects deemed to be at high risk, e.g., patients with cardiac disease [3], [4] . A number of methods are used to prescribe and monitor exercise intensity. These include oxygen uptake , heart rate, ratings of perceived exertion (RPE), workrate, lactate threshold, and critical power. While heart rate can be monitored easily and cheaply, it is influenced by a number of factors including hydration status, time of day, and emotional state [5] . The accurate use of heart rate for training intensity depends on the determination of a representative maximum heart rate so that relative intensities can be established. It may be difficult and/or undesirable to attempt to find an individual's maximum heart rate. The use of heart rate may not be appropriate for some populations. For example, cardiac patients who are under beta blockade, or patients with a high-level spinal cord lesion, have a blunted heart rate response, which may not be representative of the metabolic cost of the exercise.
While RPE has been used as a substitute for and heart rate, its use has limitations. A range of 12-15 for RPE has been shown to have a good relationship with a range of 58%-89% of [6] , while a range of 11-14 has been linked to lactate threshold [7] . However, these ranges have been shown to have a wide interindividual variability, which limits the applicability of the general guidelines.
Exercise workrate can often be imposed with good accuracy, e.g., using the variable load on a cycle ergometer, or by varying the speed and gradient on a treadmill. However, some exercise tests require a specific profile, such as an incremental exercise test for establishment of lactate threshold and maximal . Such tests are usually implemented through imposition of a specific workrate profile, under the assumption that will then follow with the desired response.
Given that intensity is such an important variable for exercise training and testing, it is desirable to regulate intensity with great precision. The possible errors associated with heart rate and RPE may result in inappropriate intensities. One possible way of overcoming these difficulties is to regulate during exercise. The precise regulation of a given to correspond with a work rate at a given percentage of , lactate threshold or critical power has the potential to be of benefit for exercise training and testing.
Regulating exercise intensity to a desired, sustainable level may contribute to the development of optimal training and testing programmes. The use of closed-loop feedback control would allow the instantaneous treadmill speed associated with the desired to be obtained precisely and robustly, and would provide automatic, real time, adjustment of the speed to maintain the desired in the face of physiological adaptations or disturbances. This approach would therefore provide a self-regulating method of monitoring exercise intensity as it would not be necessary for the exerciser to monitor physiological responses to determine if the appropriate exercise intensity had been attained, or was being sustained.
Before it is possible to use this system within specific populations, it is first necessary to demonstrate that the conceptual approach for achieving a target is technically feasible. To this end, we selected a subject group of healthy males, and the aim of this study was to investigate the feasibility of feedback control of during submaximal treadmill exercise in this group. The proposed methodology encompasses: 1) estimation of the parameters of dynamic models of the response of to changes in treadmill speed and cross validation of the estimated models; 2) analytical (model-based) design of feedback controller parameters to achieve a prespecified, nominal closed-loop response profile. While point 1) has been widely studied in the literature, our proposal in point 2) for model-based design of feedback controllers for is believed to be novel.
II. METHODS

A. Structure of the Control Problem
The structure of the control problem under consideration is shown schematically in Fig. 1 . The treadmill receives a speed command signal , which can be delivered manually through the treadmill's user interface panel or from a separate PC through a serial communication link. The speed command is received by an onboard speed controller which controls the treadmill motor. Thus, the actual speed of the treadmill lags the command signal to a degree dependent upon the speed controller's bandwidth and the treadmill motor performance. The speed of the treadmill acts as a forcing function for the subject running on the device, resulting ultimately in a measured oxygen uptake response , denoted as the signal in the figure.
In order to estimate a model of the overall dynamics of the response from the speed command to oxygen uptake , a speed command signal of pseudorandom binary sequence (PRBS) format is imposed and the resulting oxygen uptake is measured while the system operates in the open-loop configuration shown in Fig. 1 . These input-output data are then used to estimate and cross validate the parameters of dynamic transfer-function models linking and , as described in detail in the following (Section II-F). As indicated in Fig. 1 , the given parts of the system that are to be controlled constitute the "plant." The estimated dynamic model is then used in an analytical (model-based) feedback design procedure to determine the parameters of a feedback compensator for control of oxygen uptake (Section II-G). The structure of the proposed feedback system is shown in Fig. 2 . Here, the dynamic feedback controller is denoted as , and the aim is to ensure that the measured oxygen uptake follows a reference value in some prespecified manner. The controller operates on the oxygen uptake reference signal and the oxygen uptake [corrupted by a measurement noise signal to give the measurement ], and continuously updates the treadmill speed command in real time. Thus, the transient response of the closed-loop system depends on both the physiological response of the body to changes in workload and on the dynamics of the artificial controller component . As described later, the controller dynamics are computed to ensure that a prespecified nominal closed-loop dynamic response is achieved.
Two quantitative performance measures are defined here for the evaluation of closed-loop controller performance. The first is the root mean square (RMS) tracking error, which gives a measure of the quality of reference tracking performance:
Here, is the measured oxygen uptake and is the nominal oxygen uptake response (i.e., the response with the simulated nominal model in the absence of disturbances and measurement noise). This performance criterion is defined over sample instants, indexed by the discrete time variable . The second measure is based upon changes in the controller output signal , defined as . The RMS value of this signal is (2)
B. Gas Exchange Measurements and Data Processing
Oxygen uptake was measured in real time using a breath-by-breath cardiopulmonary monitoring system (MetaMax 3B, Cortex Biophysik GmbH, Leipzig, Germany). The system comprises a low dead-space mask, a gas analyzer for continuous measurement of respired O concentration, and a turbine for measurement of airflow, from which gas volumes are derived. The O analyzer in this system is an electrochemical cell which operates in the range 0%-35% O with a response time of 100 ms. This response time is negligible with respect to the feedback control sample time of 10 s (see the following paragraph). Prior to each test, the volume transducer was calibrated using a 3-L syringe and the gas analyzers by two-point calibration with atmospheric air and a reference gas of certified concentration.
Feedback control requires real-time measurement of oxygen uptake , synchronized to the discrete, regularly spaced sample instants at which the feedback loop operates. The sample The cardiorespiratory monitoring system was connected to a PC via an RS232 serial communication link to allow real-time measurement of oxygen uptake. Breath-by-breath measurement delivers an oxygen uptake value for every breath, distributed irregularly over time. At each sample instant, we therefore computed oxygen uptake as the mean of all discrete breath-by-breath values obtained during the preceding sample interval of 10 s. This introduces a time delay in the output measurement, but this is short in comparison to the open-and closed-loop risetimes, and is embedded within the experimental data used for identification.
C. Treadmill, Instrumentation, and Control
Experiments were carried out on a computer-controlled treadmill (T-track Gamma 300 model, Tunturi Oy, Ltd, Turku, Finland). The treadmill has a bidirectional RS232 serial link which was connected to a PC computer, thus allowing commanded treadmill speed to be set in real time, and real-time measurement of the actual speed to be monitored. Control software was implemented in Matlab/Simulink (The MathWorks, Inc., Natick, MA) running on the PC.
A schematic diagram showing the interface between real-time measurement and processing of oxygen uptake, feedback control software, and real-time speed commands sent to the treadmill is shown in Fig. 3 . 
D. Subjects
We present results here from tests conducted with six healthy male subjects, denoted A-F, who provided written, informed consent before inclusion in this study. Subject details are summarized in Table I . The subjects were recruited from within the research group (Centre for Rehabilitation Engineering, University of Glasgow, Glasgow, U.K.) and the lead author of this paper (K. J. Hunt) was one of the subjects. The study was approved by the Ethics Committee, Faculty of Biomedical and Life Sciences, University of Glasgow.
E. Study Design
All subjects were familiarized with the treadmill and cardiorespiratory monitoring equipment in advance of formal testing. The treadmill familiarization test allowed subjects to run at a self-selected speed, which they found to be sustainable. These tests were used to establish bounds on treadmill speed and oxygen uptake, which were enforced during subsequent identification and control tests.
One subject (A) participated in the open-loop treadmill tests designed to generate plant input-output data for model parameter estimation and validation. The treadmill speed command V response is based upon a closed-loop risetime specification of 100 s (i.e., t , or t ; = 100 s; see the Appendix). followed a PRBS profile as shown in Fig. 5 (lower plot), while oxygen uptake was recorded. The speed command is the plant input signal and oxygen uptake is the plant output signal , as described in relation to Fig. 1 . These data therefore describe the dynamic response of oxygen uptake to changes in the treadmill speed command signal. Following parameter estimation and validation as described in detail in Section II-F, one dynamic model was chosen to be used as the nominal plant model for feedback control design.
The nominal model was used to design three feedback controllers, which were each tested for real time control with the "nominal" subject A, and with further subjects as detailed below. These controllers, denoted C1-C3, had different feedback and command-tracking bandwidths, by virtue of selection of the design parameters described in Section III-B. The controllers were evaluated using a square-wave profile for the commanded oxygen uptake response (reference signal in the feedback structure of Fig. 2 ), as shown in the simulation results of Fig. 4 . Fig. 4 also shows the prespecified, ideal output (oxygen uptake) response, illustrating that the square-wave command signal is "smoothed" by the dynamics of the closed-loop transfer function, in order that the demanded profile is not subject to abrupt changes. Following initial evaluation of the real-time performance of C1-C3, one controller (C3, designed using the model obtained with subject A) was selected for further real-time testing and evaluation with all subjects. This was done in order to test the robustness of the controller design; the controller was designed on the basis of open-loop response data from only one subject, and we wished to test its performance when applied to other subjects.
F. Model Structure, Parameter Estimation, and Model Validation
The open-loop plant is represented by a discrete time dynamic transfer-function model linking speed command to oxygen uptake (3) This is known as an ARX model as it has an autoregressive part,
, and an eXogenous input . The signals and in (3) represent deviations from a steady-state operating point and are obtained from the raw plant input-output signals by removal of constant offsets or trends in the data. The signal is a notional error/disturbance signal. The orders of the polynomials and are denoted by and , respectively, and estimates of the polynomial coefficients are obtained empirically using least squares optimization. Different model structures can be compared by computing the model "fit," which represents the percentage of output variation explained by the model (see the Appendix for details).
In the experiments reported here, test data obtained from one subject were used for model parameter estimation and validation using the procedures outlined previously and described in detail elsewhere [9] . The subject repeated an open-loop treadmill test on five separate days, where the treadmill speed command was varied according to a prespecified PRBS profile and the subject's oxygen uptake was recorded. The format of the PRBS signal was chosen to excite relevant dynamic modes of the physical system, according to standard input design principles [9] . The PRBS speed signal is the plant input signal , while the oxygen uptake is the measured plant output . Using the five data sets, model parameter estimation and validation was carried out in the following steps. 1) Each data set was used in turn to estimate the parameters of a range of model structures, i.e., estimates were obtained of the plant polynomials with chosen across the range in the range , and the discrete time delay ranged over .
2) The set of models obtained from estimation using a particular input-output data set was then validated by computing all model fit values [(15) in the Appendix] using the remaining four data sets. 3) The mean fit for each model structure across all validation data sets was then computed and the models compared. 4) One of the estimated models was chosen as the nominal plant model for feedback control design. The model was chosen on the basis of the model validation procedure described previously, and in consideration of the model complexity (i.e., the values of , and ).
G. Feedback Controller Design
The oxygen uptake controller (Fig. 2) is a linear dynamic system whose parameters are obtained from an analytical (model-based) design procedure. The nominal dynamic model obtained from parameter estimation and validation (3), together with a specification of the desired speed of closed-loop response, is used in a feedback control design procedure to obtain the parameters of the controller. Full details of this procedure are given in the Appendix.
III. RESULTS
A. Parameter Estimation and Model Cross Validation
Identification data with subject A are shown in Fig. 5 . These five input-output data sets were used to estimate the parameters of ARX models of the form given by (3), for various combinations of the structural parameters , and . The data sets were also used for cross validation of the estimated models according to the procedure outlined in Section II-F. A summary of the cross-validation results is presented in Table II .
From this analysis, the optimal delay is seen to be . Table II shows that, for models with , the fit improves as the order of the estimated model increases, but that the magnitude of the improvement is not large. Since the order of the feedback controller increases with plant model order, it is desirable to reach an appropriate tradeoff between goodness of model fit and model order. In this case, since the mean fit for models with does not increase significantly as the model order increases, the model with the fewest parameters, i.e., arx111, was selected for further investigation. This choice is supported by the fact that, on average, models with have a higher fit value than models with (rightmost column of Table II) . Table III shows the mean fit values for the five estimated arx111 models, ordered according to goodness-of-fit.
From this analysis, the arx111 model estimated from data set 5 (and validated on data sets 1-4) was selected as the nominal plant model for feedback control design and analysis. The parameters of this model [cf., (3)] are given by (4) The steady-state gain of this model, which represents the increment in oxygen uptake resulting from an increment in treadmill speed, is 0.00106 L min /mm s , which indicates an increase of 106 mL min in oxygen uptake for an increase in speed of 100 mm s . The time constant of this model, i.e., the time taken for the output to increase from 0% to 63% of its final value in response to a step input, is 47.1 s.
B. Closed-Loop Control
The nominal model [see (4) ] was used to design three feedback controllers, denoted C1, C2, and C3. The design parameters for these controllers are given in Table IV. Controller C1, with a risetime of 100 s, was the first controller to be designed and was tested with subjects A, B, C, D, and E. A closed-loop control result with C1 for nominal subject A is shown in Fig. 6(a) . This result indicated tight control of , but with a treadmill speed command signal, which was perceived by the subject to vary too rapidly (this conclusion held also for the other subjects tested with C1). The tightness of tracking and the speed command signal variation are quantified in Table V. A second closed-loop controller (C2) was therefore designed with a slower desired closed-loop risetime of 200 s. C2 was tested with subjects A and B; the result with subject A is shown in Fig. 6(b) . This result indicated a much smoother treadmill speed command signal, but slower command tracking, as prescribed. The smoothness of the speed command signal is quantified in Table V : the RMS value of change in this signal is less than that for C1 by a factor of more than three. Therefore, we designed a third controller C3 with design parameters chosen as a compromise between the fast reference tracking qualities of C1 and the smooth treadmill speed command of C2. This was achieved by designing C3 with a reference prefilter (see the Appendix) with closed-loop tracking risetime specification of 100 s, but with an internal loop risetime of 200 s. The result with C3 and nominal subject A is shown in Fig. 6(c) , and the quantitative performance for this controller is summarized in Table V . It is seen from the RMS tracking error that this controller tracks the reference less precisely than C1, but that the RMS command signal activity is less than that for C1 by a factor of more than two. That the command signal activity for C3 is approximately 50% greater than for C2 can be attributed to the faster risetime specification for C3; this therefore does not represent a performance degradation. Subjectively, subject A (and, subsequently, all other subjects) found treadmill speed variations with C3 to be acceptable.
This result was considered satisfactory and C3 was therefore tested with all remaining subjects, i.e., subjects B, C, D, E, and F: all of the closed-loop control results for C3 are shown in Fig. 7 , and the RMS performance measures are summarized in Table VI .
The parameters of controller C3, obtained following the design procedure given in the Appendix using nominal model (4) Table IV ). The upper graphs in each part of this figure show oxygen uptake as follows (cf., Fig. 2 
IV. DISCUSSION
Model Properties: The cross-validation results in Table II illustrate that, according to the empirical least squares criterion (13) , the optimal discrete time delay is , but that the difference in mean fit between models with , and is not large (less than 3%). Since represents the integer number of sample periods within which the deadtime of the system is enclosed, the similarity in mean fit between models with -and the large decrease in mean fit between models with and suggest that the deadtime of oxygen uptake dynamics, which corresponds to the onset of phase I kinetics [10] , is less than 30 s. This agrees with the range of 15-20 s reported previously [11] . Note that the short time delay introduced as a result of the method of sampling (Section II-B) is embedded within this empirical estimation of discrete time delay. Table II shows that on average the best model order is 1, but that there is little difference in mean fit for models in the range -(rightmost column of the table). This result supports the common assumption in the literature of a monoexponential function with time delay as a model of phase II oxygen uptake kinetics [10] . The 0%-63% risetime (i.e., the time constant of the equivalent monoexponential response model) of the estimated model with [see (4)] is 47.1 s, which is within the range of values expected for this population, given the magnitude of speed changes imposed with the PRBS forcing function.
On average, therefore, the cross-validation data support the choice of and as the structure of the model subsequently used for control design. Since the controller order, and therefore its complexity, increases with increasing and , it is advantageous to work with low-order, low-delay models for this purpose.
Feedback Control: The feedback control results illustrate that automatic feedback control of oxygen uptake during treadmill exercise, to achieve a prespecified profile, is feasible. This result is based upon empirical identification of oxygen uptake dynamics, together with an analytical design method which utilizes the estimated dynamic model. This approach allows the nominal closed-loop dynamics to be completely specified.
Specification of the nominal closed-loop system requires selection of three design polynomials, chosen here using familiar time-domain concepts of risetime and damping. These "tuning parameters" can be readily adjusted to achieve an appropriate tradeoff between disturbance rejection (as manifest in the tightness of steady-state regulation performance) and the smoothness of the control signal (treadmill speed command). This tradeoff is visible in comparing Fig. 6(a) with Fig. 6(b) : in comparison with controller 1, controller 2 has a smoother control signal, and a comparable regulation around the nominal response. These differences are reflected in the objective performance measures reported in Table V .
By introducing the reference prefilter transfer function , which we have similarly designed here using risetime and damping specifications, the reference signal tracking performance can be decoupled from the disturbance rejection characteristics of the closed loop. This is illustrated in Fig. 6(c) , where controller 3 provides qualitatively similar regulation and control signal performance, but the nominal oxygen uptake reference tracking response is much faster than for controller 2 (100 versus 200 s).
The set of experiments shown in Fig. 7 illustrates that a single, fixed-parameter controller (designed using a model of subject A's dynamics) is able to provide satisfactory control of oxygen uptake for all subjects tested, without the need for subject-specific model estimation and controller redesign. Qualitatively, the reference tracking and command signal performance for all subjects, with the exception of subject E, is similar. This observation is reflected in the measures presented in Table VI .
The performance measures for subject E appear to be appreciably poorer than the others. This may be attributable to the fact that this subject attained levels of 2.0-2.5 L/min at a lower speed than other subjects, which was found not to be comfortable for running. For this reason, the reference level was raised to 2.5-3.0 L/min for this subject, resulting in a running speed in the range 1800-2500 mm/s. The oxygen cost for this subject at this speed is clearly greater than for the other subjects, indicating poor running economy. Despite this clear variability in subject performance, it is notable that the controller maintains good tracking of the desired profile. These results indicate that a single controller may be robust for specific categories of subjects. This robustness property is due in part to the fundamental ability of feedback to handle plant uncertainty; in this case, steady-state tracking error is completely eliminated for all subjects through inclusion of integral action in the controller (this gives the controller infinite steady-state gain, so that the influence of constant disturbances and arbitrarily large steady-state plant model error are eliminated). In general, the ability to cope with unpredictable plant disturbances (up to the closed-loop bandwidth) and model error (resulting, for example, from intersubject variability, or from day-to-day physiological variation) are further basic properties of feedback which contribute to these results. The robustness of such a simple controller is also facilitated by the fundamental simplicity of the oxygen uptake dynamics: the estimated, nominal plant transfer function (4) shows that these are low order, open-loop stable, and minimum phase.
Exercise Physiology Implications: The results illustrate that the feedback control approach allows specific steady-state levels to be automatically attained, and that accurate tracking of arbitrary reference profiles corresponding to the prescription of various training-session exercise intensity profiles is also possible.
There is also relevance of the feedback method to exercise testing, for assessment of markers of cardiopulmonary status.
In an incremental exercise test, for example, it is desirable to achieve linearity in the oxygen uptake time response, i.e., should follow a linear ramp profile. This is usually achieved indirectly by imposing a linear increase in the exercise workrate. It is then assumed that the response will follow as a linear function of time, but the actual linearity of appears to be dependent upon the duration of the test [10, pp. 69-70] , among other factors. A direct approach to achievement of linearity in the response would be to use the feedback control approach proposed here and to impose a ramp-profile reference signal. Any deviation of the actual response from linearity would in principle be automatically corrected by the feedback, resulting in a nonlinear change in the forcing function instead (here, the treadmill speed command).
The generic methodology proposed here for design of controllers can be translated straightforwardly to other ergometer systems, e.g., cycle ergometers. In this case, the exercise "forcing function" (generically, the controller output signal ) would be the ergometer workrate, instead of treadmill speed.
This new approach to exercise prescription or testing based on feedback control of oxygen uptake requires the exerciser to be connected to a cardiorespiratory monitoring system for real-time measurement of oxygen uptake. However, to avoid the necessity for continuous breath-by-breath monitoring in situations where this is undesirable, and to approximately achieve the prescribed exercise intensity during exercise sessions, the following procedure can be used: 1) perform an open-loop test to determine appropriate markers of cardiopulmonary status [e.g., ventilatory lactate threshold (LT) or ], so that the required exercise intensity can be determined (i.e., the associated with specific percentages of LT or ); 2) perform a single closed-loop test, in which the steady-state treadmill speeds associated with a finite number of steady-state levels of interest (set via the reference signal) are determined automatically; 3) in subsequent training sessions, implement a lookup table to determine the approximate treadmill speed required for a desired [interpolating for values between the levels obtained in step 2)]-in these sessions, online measurement of is not required; and 4) the lookup table can be recalibrated periodically by carrying out a closed-loop test, as in step 2), in order to adapt to changes in the exerciser's capacity.
V. CONCLUSION
Our results confirm the feasibility of a novel approach to automatic feedback control of oxygen uptake during treadmill exercise, and point to robustness of the design approach within the category of subjects tested.
The results show that feedback control is an appropriate method to regulate in the selected population. The plant modeling and control design methodology proposed here is itself generic and can be widely applied, but further work is required to determine the extent to which other categories of subject can be successfully controlled with a single, fixed-parameter controller. If, for a given subject, an existing controller is not satisfactory, new plant identification tests and controller redesign would be required. It is anticipated that specific tuning of the feedback controller parameters may be required in other subject groups with different aerobic fitness levels or in clinical populations.
The feedback regulation of oxygen uptake to a desired, sustainable level allows exercise intensity to be specified with great precision; this may contribute to the prescription of optimal training and testing programs.
APPENDIX
Plant Model and Parameter Estimation
The open-loop plant is represented by the discrete time dynamic model (9) The integer is a discrete input-output time delay, while and are polynomials in the delay operator [for any signal ] defined by (10) (11) The net effect of disturbances is represented at the output by the signal , modeled as the output of the filter driven by the signal . The polynomial is defined as . The output disturbance models the effect of stepwise-changing (piecewise constant) disturbances and offsets, which typically result from physiological and environmental factors. 1 The plant polynomials and are estimated in an empirical identification procedure using least squares optimization. The procedure adopted here assumes an ARX model structure of the form given previously as (3), i.e., (12) 1 In a stochastic framework, d is often taken as a compound or generalized Poisson process. See [12] for details.
The signals and in (12) are obtained from the raw plant input-output signals following removal, as appropriate, of constant offsets or trends in the data. Here, constant offsets corresponding to the steady-state operating point of the plant are removed before identification. Denoting the input-output operating point as , we have and . The signal in (12) is an uncorrelated error/disturbance signal with appropriate stochastic definition. It is readily shown that, with these definitions, equations (9) and (12) are equivalent.
Parameter estimation uses a test input sequence of length and the corresponding, empirically measured output sequence . The least squares identification procedure delivers parameter estimates such that the following performance criterion is minimized: (13) where the predicted model output is (14) Different model structures can be compared by computing the model "fit," which represents the percentage of output variation explained by the model, as defined by fit (15) where is the mean value of the measured output .
Feedback Controller Design Procedure
As shown in Fig. 2 , the controller operates on the reference signal and the measurement signal . The controller is described by the discrete time dynamic equation (16) where , and are polynomials in the delay operator and is a transfer function. Integral action is included in the controller to ensure zero steady-state tracking error by constraining as (with ). With these definitions, and with the plant (9), the feedback system of Fig. 2 can be represented as the linear discrete time system shown in Fig. 8 . The controller polynomials , and , together with the reference filter transfer function , are to be determined in the design procedure, which aims to achieve a prescribed nominal closed-loop response.
The closed-loop equation resulting from (9) and (16) is readily determined to be (17)
Here, the closed-loop characteristic polynomial is denoted as and is given by , and it is this polynomial which determines the closed-loop response. We proceed by applying a standard pole assignment design method [8, Ch. 5] , in which is forced to match a prespecified set of closed-loop poles given by the product . Thus, the controller polynomials and are obtained as the solution of the linear polynomial equation (18) The polynomial determines the response of the closed loop, but, by defining the controller polynomial as a scaled version of , it is only , which determines the dynamics of the tracking response from to . If desired, the closed-loop tracking response from to can be completely decoupled from the closed-loop poles by use of the tracking prefilter , which is a dynamic transfer function with a set of poles specified by a design polynomial . The three design polynomials , and are chosen here using a time-domain approach to correspond to the poles of second-order transfer functions having a specified risetime and damping factor [13] . In this work, the damping factor was always selected as unity (critical damping). The three risetimes, chosen as detailed in the main text, are denoted , and , respectively. Full details of this analytical design procedure can be found in the literature [12] , [8] , [14] .
